We consider the uniform attractors for the three-dimensional nonautonomous Camassa-Holm equations in the periodic box Ω 0, L 3 . Assuming f f x, t ∈ L 
Introduction
We consider the following viscous version of the three-dimensional Camassa-Holm equations in the periodic box Ω 0, L 3 : 1 u · Δu is the modified pressure, while π is the pressure, ν > 0 is the constant viscosity, and ρ 0 > 0 is a constant density. The function f is a given body forcing and α 0 > 0, α 1 ≥ 0 are scale parameters. Notice α 0 is dimensionless while α 1 has units of length. Also observe that at the limit α 0 1, α 1 0, we obtain the three-dimensional Navier-Stokes equations with periodic boundary conditions.
Abstract and Applied Analysis
We consider this equaton in an appropriate space and show that there is an attractor A which all solutions approach as t → ∞. The basic idea of our construction, is motivated by the works of 1 .
In addition, we assume that the function f ·, t : f t ∈ L In 1 the authors established the global regularity of solutions of the autonomous Camassa-Holm, or Navier-Stokes-alpha NS-α equations, subject to periodic boundary conditions. The inviscid NS-α equations Euler-α were introduced in 2 as a natural mathematical generalization of the integrable inviscid 1D Camassa-Holm equation discovered in 3 through a variational formulation. An alternative more physical derivation for the inviscid NS-α equations Euler-α was introduced in 4-8 .
In the book 9 , Haraux considers some special classes of such systems and studies systematically the notion of uniform attractor parallelling to that of global attractor for autonomous systems. Later on, 10 present a general approach, that is, well suited to study equations arising in mathematical physics. In this approach, to construct the uniform or trajectory attractors, instead of the associated process {U σ t, τ , t ≥ τ, τ ∈ R}, one should consider a family of processes {U σ t, τ }, σ ∈ Σ, in some Banach space E, where the functional parameter σ 0 s , s ∈ R is called the symbol and Σ is the symbol space including σ 0 s . The approach preserves the leading concept of invariance which implies the structure of uniform attractor described by the representation as a union of sections of all kernels of the family of processes. The kernel is the set of all complete trajectories of a process.
In the paper, we study the existence of compact uniform attractor for the nonautonomous three-dimensional Camassa-Holm equations in the periodic box Ω 0, L 3 . We apply measure of noncompactness method to nonautonomous Camassa-Holm equations with external forces f x, t in L 2 loc
R; E which is normal function see Definition 4.2 . Last, the fractal dimension is estimated for the kernel sections of the uniform attractors obtained. 
Functional Setting
in fact, these eigenvalues have the form |k| 2 4π/L 2 with k ∈ Z 3 \ {0}. iii We denote ·, · the L 2 -inner product and by | · | the corresponding L 2 -norm. By virtue of Poincaré inequality, one can show that there is a constant c > 0 such that
and that
cf. 11, 12 . We denote ·, · A 1/2 ·, A 1/2 · and · |A 1/2 · | the inner product and norm on V , respectively. Notice that, based on the above, the inner product ·, · , restricted to V , is equivalent to the H 1 inner product
A family of processes {U σ t, τ }, σ ∈ Σ, acting in E is said to be E × Σ, E -continuous, if for all fixed t and τ, t ≥ τ, τ ∈ R, the mapping u, σ → U σ t, τ u is continuous from E × Σ into E.
A curve u s , s ∈ R is said to be a complete trajectory of the process {U t, τ } if
The kernelK of the process {U t, τ } consists of all bounded complete trajectories of the process {U t, τ }:
3.4
The set
is said to be the kernel section at time t s, s ∈ R.
For convenience, let B t ∪ σ∈Σ ∪ s≥t U σ s, t B, the closure B of the set B and
∩ t≥τ B t which can be characterized, analogously to that for semigroups, the following:
such that t n −→ ∞ and U σ n t n , τ x n −→ y n −→ ∞ .
3.6
We recall characterize the existence of the uniform attractor for a family of processes satisfying 3.6 in term of the concept of measure of noncompactness that was put forward first by Kuratowski see 13, 14 . Let B ∈ B E its Kuratowski measure of noncompactness κ B is defined by κ B inf δ > 0 | B admits afinite covering by sets of diameter ≤ δ .
3.7
Definition 3.2. A family of processes {U σ t, τ }, σ ∈ Σ, is said to be uniformly w.r.t. σ ∈ Σ ω-limit compact if for any τ ∈ R and B ∈ B E the set B t is bounded for every t and lim t → ∞ κ B t 0.
We present now a method to verify the uniform w.r.t. σ ∈ Σ ω-limit compactness see 15, 16 .
Definition 3.3.
A family of processes {U σ t, τ }, σ ∈ Σ, is said to satisfy uniformly w.r.t. σ ∈ Σ Condition C if for any fixed τ ∈ R, B ∈ B E , and ε > 0, there exist t 0 t τ, B, ε ≥ τ and a finite dimensional subspace E 1 of E such that i P ∪ σ∈Σ ∪ t≥t 0 U σ t, τ B is bounded; and
where P : E → E 1 is a bounded projector. 
Uniform Attractor of Nonautonomous Camassa-Holm Equations
This section deals with the existence of the attractor for the three-dimensional nonautonomous Camassa-Holm equations with periodic boundary condition. To this end, we first state some the following results.
and let u τ ∈ V . Then problem 1.1 has a unique solution u t such that for any T > τ, Proof. We use the Galerkin procedure to prove global existence. The proof of Proposition 4.1 is similar to autonomous Camassa-Holm in 1 . Pf, u 2 ,
Notice that
Pf,
4.12
From the above inequalities we get 
4.15
Thus, we obtain
4.16
Therefore, we deduce that
4.17
Here, M 1 M 1 α 0 , α 1 , r 0 , r 1 depends on λ m 1 , and is not increasing as λ m 1 increasing. By the Gronwall inequality, the above inequality implies 
4.20
Therefore, we deduce from 4.18 that
Applying Theorem 3.4, the proof is complete.
According to Propositions 4.1 and 4.4, we can now regard that the families of processes {U f t, τ }, f ∈ H f 0 for 1.1 are defined in D A and B 1 is a uniformly w. r. t. f ∈ H f 0 absorbing set in D A . 
where B 1 is the uniformly w.r.t. f ∈ H f 0 absorbing set in D A and K f is the kernel of the process {U f t, τ }. Furthermore, the kernel K f is nonempty for all f ∈ H f 0 .
Proof. Using Proposition 4.4, we have the family of processes {U f t, τ }, f ∈ H f 0 corresponding to 4.4 possesses the uniformly w.r.t. f ∈ H f 0 absorbing set in D A . Now we testify that the family of processes {U f t, τ }, f ∈ H f 0 corresponding to 4.4 satisfies uniform w.r.t. f ∈ H f 0 Condition C .
Letting w Au 2 in 4.2 , we have
Pf, Au 2 .
Notice that
4.24
Therefore, we get |w| L ∞ Ω ≤ c w 1 log |Aw|
4.27 from which we deduce that
and using 4.27 ,
4.29
Expanding and using Young's inequality, together with the first one of 4. 
4.36
Therefore, we deduce from 4.34 that 
Dimension of the Uniform Attractor
We want to estimate the fractal dimension of the kernel sections K s of the process {U t, τ } generated by the abstract evolutionary equation 4.4 . Assume that {L t, τ; u } is generated by the variational equation corresponding to 4.4 , ∂ t w F u, t w, w| t τ w τ ∈ E, t ≥ τ, τ ∈ R,
5.2 that is, L t, τ; u τ w τ w t is the solution of 5.2 , and u t U t, τ u τ is the solution of 1.1 with initial value u τ ∈ K τ . For natural number j ∈ N, we set where Tr is trace of the operator. We will need the following 10, Theorem VIII.3.1 .
Theorem 5.1. Under the assumptions above, let us suppose that U τ∈R K τ is relatively compact in E, and there exists q j , j 1, 2, . . ., such that q j ≤ q j , for any j ≥ 1, q n 0 ≥ 0, q n 0 1 < 0, for some n 0 ≥ 1, q j ≤ q n 0 q n 0 − q n 0 1 n 0 − j , ∀j 1, 2, . . . .
5.4
Then,
, ∀τ ∈ R.
5.5
We now consider 4.4 with f ∈ L 
5.7
We have the main results in this section. 
